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ABSTRACT
In his seminal paper in 1979 [1] on memory consistency,
Lamport proposed two requirements for a multiprocessor
system to be sequentially consistent. The second condition
stated that memory “requests from all processors issued to
an individual memory module are serviced from a single
FIFO queue. Issuing a memory request consists of enter-
ing the request on this queue”. Recently, the authors have
the opportunity to revisit Lamport’s conditions in the con-
text of a design study of the IBM Cyclops multiprocessor-
on-a-chip architecture (known as BG/C) from the system
software angle. We find that when a multiprocessor system
employs a network to communicate with its shared mem-
ory modules – such as in the BG/C architecture - we need
to carefully elaborate Lamport’s requirements to cover the
network. Thus we have refined the Lamport’s second re-
quirement along this line and demonstrated that the revised
conditions are sufficient for ensuring the sequentially con-
sistent behaviors for a class of BG/C-like architectures.

KEY WORDS
Sequential consistency, multiprocessor-on-a-chip, memory
model

1 Introduction

A memory model defines how memory system behaves in
a computer system. It specifies the semantics of memory
operations in a program, such as read, write and synchro-
nization operations.

The most widely accepted memory model for the
shared memory machine is Lamport’ssequential consis-
tency (SC) model, as described in the following state-
ment [1]:

[A system issequentially consistentif ] the
result of any execution is the same as if the opera-
tions of all the processors were executed in some
sequential order, and the operations of each in-
dividual processor appear in this sequence in the
order specified by its program order.

In his 1979 paper cited above, Lamport also illus-
trated how to satisfy SC in a simple hypothetical shared-

memory multiprocessor system [1]. Lamport’s hypotheti-
cal multiprocessor system will be described in more detail
in Section 2, but briefly, it consists of a collection of pro-
cessors and shared memory modules, and the processors
communicate with each other only through shared memory
read and write operations. Lamport posted the following
two requirements as sufficient for ensuring this system to
be sequentially consistent:

1. R1: Each processor issues memory requests in the or-
der specified by its program.

2. R2: Memory requests from all processors issued to an
individual memory module are serviced from a single
FIFO queue. Issuing a memory request consists of
entering the request on this queue.

Our work described below is mostly inspired by a
suggestion from Henry Warren from IBM T.J. Watson Cen-
ter [2] to consider a proof of sequential consistency for the
BG/C multiprocessor machine designed by Monty Den-
neau [3]. Denneau’s multiprocessor-on-a-chip architec-
ture employs a crossbar network between the processors
and memory modules in a so-called dance-hall configura-
tion [4]. Denneau believes that the base BG/C chip archi-
tecture is sequentially consistent and there is no need to
issue fence-like instructions after each memory operation
to ensure SC.

Although Dennear’s conjecture is, at first glance,
quite obvious, it took us much longer to construct a proof
to be presented in this paper. A major issue is: a mem-
ory operation needs to go through the network between it
is “issued” by the processor and it enters the corresponding
memory module, instead of as in condition R2 “... Issuing
a memory request consists of entering the request on this
queue”. Therefore, the proof process needs to show what
features of the BG/C on-chip network make it satisfy the
requirement of the original Lamport’s R2 condition. We
end up with a refined R2 condition that will be illustrated
in Section 2.

Another challenge in the proof is to show that the con-
dition R2 (or the refined R2) is sufficient to lead the valid-
ity of the widely referred Lamport’s SC definition. In a
real multiprocessor system, the lifetimes of memory oper-
ations may actually be overlapped - a fact also pointed out
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by Lamport. Thus the completion order of memory op-
erations, which determines the system consistency model,
may be different from the strict Lamport order. To this end,
our proof shows that in the context of the BG/C chip archi-
tecture, which satisfies our refined R2 condition, and begin
with a total order based on the completion time, we can
actually perform a series of “result-preserving” reordering
transformations back to a total order based on the issuing
order. Therefore, we can show that the base BG/C archi-
tecture is sequentially consistent. This method is also ap-
plicable to reason the sequentially consistent behaviors of
other architectures.

Let us put this paper in a broader context.
We have witnessed the emerging technology trend on
multiprocessor-on-a-chip architecture with 10s-100s pro-
cessing/thread units. In the general-purpose parallel com-
puting arena, a representative multiprocessor-on-a-chip ar-
chitecture is the class of cellular architectures (IBM Cy-
clops architecture [5, 6, 7] is one example of this class).
At the chip level, the cellular architecture employs a de-
centralized microprocessor design – interconnecting a large
number of very light-weight processors called process-
ing cells by a large on-chip network. Such network pro-
vides rich interconnection and sufficient bandwidth for in-
terprocessor communication among the processing cells
and their shared memory. Another class, in the do-
main of application-specific architectures, is calledextreme
chips[8]. As many as 300+ RISC processors are intercon-
nected within one chip to perform process communication
tasks. Therefore, designing such a chip and establishing its
memory consistency requirement have a practical signifi-
cance.

This paper is organized as follows. Section 2 first re-
visits Lamport’s two requirements in the context of a mul-
tiprocessor with a dance-hall organization, then proposes
our refined requirements. In section 3 we first introduce
the base IBM BG/C multiprocessor-on-a-chip architecture,
then discuss the method to reason its memory model. The
proof method is presented in section 4. The related work is
listed in section 5. Section 6 summarizes the whole paper’s
work and gives the conclusions.

2 R2 Condition Refinement

The architecture model we concern, as shown in Fig-
ure 1(a), consists of a collection of processors and mem-
ory models, and the processors communicate with one an-
other only through reading or writing shared data in mem-
ory modules. Processors and memory modules are con-
nected by a single bus or general network. We called it
a “dance-hall” configuration (much inspired by past litera-
ture).

Let us first examine the sufficient condition for this
system to be sequentially consistent. As mentioned in the
previous section, Lamport has proposed two requirements
in 1979,and the second requirement is “R2: Memory re-
quests from all processors issued to an individual memory
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module are serviced from a single FIFO queue. Issuing
a memory request consists of entering the request on this
queue.” R2 implies that an operation isissuedonly when
it has reached the memory buffer. When the R2 condition
was explained using his hypothetical multiprocessor sys-
tem, Lamport did not elaborate what requirements the net-
work should follow in order to ensure the sequential con-
sistency.

In real architecture models, networks cause some de-
lay in transmitting a memory request, i.e. a delay from the
time it is issued by the processor to the time it arrives at the
destination memory queue after traveling through the net-
work. If no restriction on the distribution of such delay is
imposed, a network design may violate the R2 condition.
Let us consider the following example:

Initially x = flag = 0

P1: P2:

i1: x = 1; i3: while(flag==0) {;}
i2: flag = 1; i4: read x;

We expect that in most “reasonable” memory modelsi4 returnsx = 1. Programmers may reason this example
(say, under Lamport’s hypothetical multiprocessor model)
as follows. We know thati1 is issued beforei2, andi3 is
issued beforei4 - from the condition R1. Since thewhile
loop in i3 exits only when the check offlag returns value
1, i2 must have been performed at that time. Consequently,
wheni4 is issued,i1 has already been issued. Thusi4 will
be performed afteri1 and return the value written byi1.

However, suppose in a real dance-hall systemx andflag are in different memory modules, and the delay oc-
curs in the network such that althoughi1 is issued to the
network beforei4, it may arrive at the memory buffer forx later thani4. If this happens, theni4 returns the wrong
value 0 - a contradiction to sequential consistency!

Since Lamport’s R2 condition does not rule out this
possibility, we are inspired to re-consider the sufficient re-
quirements for a general dance-hall system to be sequen-



tially consistent, and propose the following refined R2 re-
quirement:

R2-refined: Two operations designated to
the same memory modelM will be delivered toM ’s FIFO queue in the same order as they enter
into the network.

We will prove later that, in the context of a class
of multiprocessor-on-a-chip architecture such as the IBM
BG/C architecture, R1 and R2-refined together are suffi-
cient to ensure the sequentially consistent behavior of a
general dance-hall system.

3 Cyclops Consistency Model

3.1 Target Architecture Model

The base Cyclops multiprocessor-on-a-chip architecture
model is illustrated in Figure 1(b). The extended model, as
well as its design and implementation details, can be found
at [7, 9].

The base model is composed of a collection of pro-
cessors and memory banks connected by a crossbar. Each
processor issues its memory operations in program order
into a FIFO queue called the “issuing buffer”.1

The crossbar provides the following nice property,
which we name as the “equal latency” property. For all
memory operations targeted to the same memory bankM ,
regardless their issuing processors, the time they take to
travel the network and reachM ’s memory buffer is a con-
stant - hence the term “equal latency” property2. If two
memory requests having the same memory destination are
ready to be issued at the same time, one of them, deter-
mined by arbitration, will be stalled at its issuing buffer
until the conflict is resolved.

The programming model is rather simple – only
“read” and “write” operations are considered.

3.2 Problem Formulation

As described in the introduction, it has been conjectured
that the base Cyclops architectureobeysthe sequential con-
sistency, and this is true even without using an explicit
“sync” or “fence” [10] instruction after each read or write
instruction. The problem is:can we establish the valid-
ity of this conjecture and how? Equivalently, since Cy-
clops base architecture model satisfies both the R1 and R2-
refined conditions - from the above specifications,can we
prove, using Cyclops as an example, that R1 and R2-refined

1In fact, a memory request cannot be issued unless its uniprocessor
data dependence and control dependence are satisfied.

2The implemented Cyclops hardware guarantees that it takes the same
amount of time for all memory operations, whatever their source proces-
sors and target memory models, to travel accross the crossbar. This is a
special case of the Cyclops base model, therefore all the conclusions still
hold.

together constitute a sufficient condition for a system to be
sequentially consistent?

Before we proceed to present our proof, we wish to
discuss why the answer, although might look intuitive, is
not trivial.

There are two conditions indicated in theclassicalse-
quential consistency (SC) definition cited in section 1:

(1) Operations of all processors are executed in some se-
quential order (i.e., a total order).

(2) In that total order, operations from an individual pro-
cessor are executed in the program order.

We call the total order which satisfies condition (2)
the “Lamport order”. Thus the most straightforward way
to prove a system to be sequentially consistent is to find
out this Lamport order.

In our Cyclops base system, it is natural to build a
Lamport order� based on all memory operations’ issuing
time tcp (please refer to Figure 1(b) for the definition of
thetcp). Representing all operations executed in a parallel
programProg as a multi-set	, the issuing order is mathe-
matically defined as:� = f< i; j > j i 2 	 ^ j 2 	 ^ (tcp(i) < tcp(j) _(tcp(i) = tcp(j) ^Mem(i) �Mem(j)))g
whereMem(i) shows which memory bank the operationi
accesses, assume every memory bank has a unique ID3.

It is clear that a system obeying this order is sequen-
tially consistent. However, because the memory operations
begin to take effect only when they are performed by mem-
ory modules, and because the crossbar will “reorder” the
memory operations going to the the different memory mod-
ules by different delays, we have another total order based
on memory operations’ performing timetmb, mathemati-
cally defined as:� = f< i; j > j i 2 	^j 2 	^ (tmb(i) < tmb(j)_(tmb(i) = tmb(j) ^Mem(i) �Mem(j)))g

In Theorem I of section 4 we will prove that those
two orders - issuing order� and performing order� are
different, and a strict program order is not guaranteed in�.
Thus� is not a Lamport order.

It is our belief that it is often easier for a programmer
to think about the order of memory operations character-
ized by the time when they leave a processor, while it is the
performing order that determines the system consistency
model. Thus our job is to prove that in the context of Cy-
clops base architecture, although the performing order is
different from the issuing order, it generates the same ex-
ecution results, thus preserves the sequentially consistent
behavior of the system. For this purpose, we introduce the
following concepts:

Definition 1: An execution of a parallel program
Prog at systemS is an(M;O) pair, whereM is the multi-
set of operations executed, andO is an order onM .

3Although in a real system two operations with the sametcp may be
executed simultaneously (by different memory banks), forcing an order
here neither loses any generality nor influences the validity of the proof
and conclusions.



Definition 2: An execution(M;O) is a strict se-
quentially consistent executionif O is a Lamport order.

Definition 3 Two executions(M1; O1) and(M2; O2)
of a parallel programProg areequivalent if:

(1) They have the same set of memory operations,
i.e.,M1 =M2 1;

(2) Any memory read operation in(M1; O1) returns the
same value as(M2; O2), and vice versa;

It is obvious that an execution is equivalent to itself.
Based on above definitions, sequential consistency

can be equivalently defined as:
Definition 4: A shared-memory systemS is sequen-

tially consistent if any execution of a programProg onS
is equivalent to a strict sequentially consistent execution ofProg.

FromDefinition 2 we know (	; �) is a strict sequen-
tially consistent execution. In the next section, we will be-
gin from the total order�, and perform a series of “result-
preserving” reordering transformations back to the total or-
der �. Thus byDefinition 3 we can prove that the base
Cyclops architecture is sequentially consistent.

4 Proof

The main body of this section consists ofTheorem I, The-
orem II and their proofs.Theorem I andTheorem II are
listed as following:

Theorem I The performing order� is not a Lamport order.

Theorem II Cyclops architecture is sequentially consis-
tent.

Theorem I: The performing order� is not a Lamport or-
der.
Proof:

Suppose two memory operationsi andj issued from
the same processor andi � j, where� denotes the pro-
gram order, thentcp(i) < tcp(j). i targets the memory
locationx in memory bankMx, andj targets the memory
locationy in memory bankMy. Also suppose:

1. the crossbar delay to memory bankMx andMy isC(Mx) andC(My), respectively;

1The need for this condition may not be obvious. It is needed when
there are some reads whose return values determine whether an operation
is executed or not, or what memory address will be accessed. Let us look
at the following example:

r1 = read x;
if(r1 == 0)

write y = 1;
else

write z = 1;
Here the return value of “read x” determines whether then-branch or else-
branch is executed. If two executions have different returnvalues of “read
x”,they are not equivalent because they have differentexecution paths.

2. there are alreadyWx operations waiting atMx’s
buffer, andWy operations waiting atMy ’s buffer;

3. in average it takesSx units of time andSy units of
time forMx andMy, respectively, to process a mem-
ory request;

then:tmb(i) = tcm(i)+Wx�Sx = tcp(i)+C(Mx)+Wx�Sx,
andtmb(j) = tcm(j) +Wy � Sy = tcp(j) + C(My) +Wy � Sy.
SupposeWx = Wy, Sx = Sy andC(Mx) > C(My)

(this probably happens in real machine), we probably havetmb(i1) > tmb(i2). That means,i will be performed afterj in �, and the original program order is broken. Therefore� is not a Lamport order.
Proof Done.

Our proof of Theorem II proceeds as follows:
According to Definition I in section 3, the “execution”
is conceptually represented as the(	; �) pair. We also
know the “pseudo” execution(	; �) is a strict sequentially
consistent execution. InLemma 2, we show that the order� can be transformed – through a series of reordering steps
that preserve “equivalence” (based onLemma 1) under the
guidance of order� – into a Lamport order, hence(	; �)
is equivalent to a strict sequentially consistent execution.

Before reading the proof, readers can think of the ex-
ecution(	; �) as executing	 on a “ideal Lamport ma-
chine”, in which operations are executed one by one in a
sequential order. For each operation its issuing time is its
performing time, therefore there is no lifetime overlapping
between any pair of operations. This case is illustrated in
Figure 2(a). However, in Cyclops, memory operations may
be out-of-order executed, because of network delay; their
lifetimes are overlapped with each other. The order based
on their performing time is�, which is different from�.
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In order to prove(	; �) and (	; �) are equivalent,
we introduce a reordering transformationT . T (�; i) trans-
forms� into�0 by “percolating” theith operationO(i) in �



upward and insert it in a position that do not violate the cor-
responding ordering specified by�. Set�0 = � and begin
from i = 1, we apply a sequence ofTs on�with increasing
values ofi, i.e.,�1 = T (�0; 1); �2 = T (�1; 2); : : : ; �n =T (�n�1; n). Finally we reach the order�n = �. We will
proof that� = �1 = : : : = �n = � (where “=” denotes
equivalence).

Readers will notice that after�i = T (�i�1; i), the
order of the firsti operations in�i are consistent with�,
and the rest operations are ordered in the same way as�. Figure 2(b) gives a simple example of this series of
transformations. We also assume that the multi-set	 is
changed to	0 due toT . We will proof later that	 = 	0.
Lemma 1: Execution(	0; �i) is equivalent to(	; �i�1),
after the transformation�i = T (�i�1; i), which reordersO(i) in �i�1.

Briefly, this proof is proceeded by contradiction. We
first assume that reordering operationO(i) in �i�1, which
is either read or write, will cause at least one read operation
to return different value. Then a conflict with an obvious
fact will occur. Readers can skip the following part if they
have no interest in the proof details.

Proof:
let us first check the second condition inDefinition

3 – all read operations in�i return the same results as in�i�1. Suppose theith operationO(i) in �i�1 is moved
backward to positionj in �i, 0 < j � i. We consider two
cases:

Case #1:O(i) is a read operation;
Case #2:O(i) is a write operation;
Case #1 is proved by contradiction. We assume thatO(i) reads a different value after it is reordered. Suppose

in �i�1, O(i) returns the value written by a write operationO(k), as shown in Figure 3, thenk < i. It means:tmb(O(k)) < tmb(O(i)) or(tmb(O(k)) = tmb(O(i)) ^ Mem(O(k)) �Mem(O(i)))
SinceO(k) andO(i) access the same memory bank,O(k) must arrive earlier thanO(i) at the memory bank, we

have: tmb(O(k)) < tmb(O(i)) (1)

And only whenO(i) is moved to a position beforeO(k)
in �i canO(i)’s value be changed. “O(i) is moved to a
position beforeO(k)” means:tcp(O(i)) < tcp(O(k))
therefore,tcp(O(i)) + C = tcm(O(i)) < tcp(O(k)) + C =tcm(O(k))

Because each memory bank has a single buffer,tcm(O(i)) < tcm(O(k)) is equivalent totmb(O(i)) < tmb(O(k)) (2)

But, (1) and (2) are in conflict, a contradiction. ThusO(i)
still returns the same result. Note other read operations’

values cannot be changed by reorderingO(i), all read op-
erations return the same values before and after the reorder-
ing.
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For Case #2,O(i) is a write. Again, proof proceeds
by contradiction. We consider two sub-cases below.

Sub-Case #1: Assuming that there is a readO(q) later
thanO(i) (q > i) in �i�1 that will read a different value af-
ter the reordering. It implies the existence of a writeO(p),i > p � j, as shown in figure 4(a). By reorderingO(i)
to positionj in �i, O(i)’s value will be killed byO(p) and
thenO(q) returnsO(p)’s value, instead ofO(i). The proof
of a contradiction can follow a similar argument as in Case
#1 by comparingtmb andtcp of O(p) andO(i).

Sub-Case #2: Assuming that there is a readO(q) ear-
lier thanO(i) (q < i) in �i�1 that will read a different
value after the reordering. It implies that on�i�1, there is
a writeO(p), p < j andj � q < i, as shown in figure 4(b),
andO(q) returns the value written byO(p). By reorderingO(i) to positionj in �i, O(i) will kill O(p) so thatO(q)
will returnO(i)’s value. Again and similarly, this can gen-
erate the contradiction.

Now we can draw the conclusion that in�i all reads
return the same values as in�i�1.

Now let us look at the condition 1 inDefinition 3.
Because all reads on the firsti operations in�i return the
same values as in�i�1, any if branch afteri operations
which depends on the read values in the firsti operations
will have the same execution path in�i�1. This guarantees
that�i and�i�1 execute the same operations,i.e.,	0 = 	.

Therefore both conditions inDefinition 3 are satis-
fied, thus(	0; �i) is equivalent to(	; �i�1).
Proof Done.

Lemma 2 (	; �) is equivalent to a strict sequentially con-
sistent execution.
Proof:

Because� = �1 = �2 = : : : = �n�1 = �n = �,
then� = �. We know(	; �) is a strict sequentially consis-
tent execution. FromDefinition 3, we know that(	; �) is
equivalent to a strict sequentially consistent execution.
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Proof Done.

Theorem II: Cyclops is sequentially consistent.
Proof:

Lemma 2 can be applied to every execution of a par-
allel programProg at Cyclops. According toDefinition 4,
Cyclops is sequentially consistent.
Proof Done.

This proof method is not restricted to reason the mem-
ory model of BG/C architecture, but also suitable for other
multi-processor-on-a-chip system. As a summary, we out-
line the main steps to prove a shared memory system to be
sequentially consistent:

1. Figure out the total order which determines the prop-
erty of the memory model;

2. Find out a Lamport order, hence a strict sequentially
consistent execution. We believe there is always such
a Lamport order in the system if all memory opera-
tions are issued from processors in program orders;

3. Prove the total order in step 1 is equivalent to the Lam-
port order in Step 2, using the above reordering trans-
formation.

5 Related Work

Memory consistency model is an intensively studied field
in parallel computer architecture, with a large amount of
research work published in the literature. Sequential con-
sistency was first defined by Lamport [1, 11] for shared-
memory multiprocessor system with network but no cache.
Afterwards, Scheurich and Dubois proposed a sufficient
condition for sequential consistency at a cache-based sys-
tem [12, 13]. Shasha and Snir also proposed a software
algorithm to ensure sequential consistency [14].

Besides, a lot of research work were conducted to re-
lax the strong condition of sequential consistency to allow
more performance optimization. They include processor
consistency [15], weak consistency [16], release consis-
tency [10], etc. All of the above discuss the memory model
from the system point of view. Adve proposed two mem-
ory models from the programmer’s point of view [17, 18],
and stated that if software obeys the synchronization model
defined by the memory model, then the hardware appears
sequentially consistent. Gao and Sarkar proposed the loca-
tion consistency model (LC) and a cache coherence proto-
col in 2000 [19], which does not rely on the memory co-
herence assumption. Almost every work mentioned above
takes a shared memory system as an example to the pre-
sented memory model, thus distinct from our job - exploit
a existing system’s consistency model.

At the context of memory consistency model proof,
Lamport proposed a method based on logical clock and
time [20]. Based on Lamport’s work, Plakal proposed a
reasoning technique to verify a directory cache coherence
protocol [21, 22].

6 Conclusions

In this paper we specify the memory model of Cyclops
multiprocessor-on-a-chip architecture (known as BG/C).
We first check Lamport’s two requirements for a dance-
hall architecture to be sequentially consistent. We find that
Lamport’s two requirements R1 and R2 need to be care-
fully elaborated when we take into account the network
delay. Then we proposed the revised requirement – R2-
refined. We informally prove that the base Cyclops archi-
tecture, which satisfies both R1 and R2-refined conditions,
obeys sequential consistency. The proof method is general
for all BG/C-like architectures.

7 Acknowledgments

We would like to acknowledge Monty Denneau and Henry
S. Warren from IBM T.J. Watson Research Center for their
suggestions on this topic and the many communications



without which the progress of this research would not be
possible. We also thank useful discussions from members
of the CAPSL group at the University of Delaware, in par-
ticular Hongbo Rong, Juan del Cuvillo and Andres Mar-
quez. Finally, the last author wish to acknowledge the sup-
port in part by NSF, under the NGS grant 0103723, DOE,
under grant number DE-FC02-01ER25503, DARPA, under
the HPCS program, and other funding agencies.

References

[1] Leslie Lamport. How to make a multiprocessor com-
puter that correctly executes multiprocess programs.
IEEE Transactions on Computers, 28(9):690–691,
September 1979.

[2] Henry S. Warren. Personal communication, February
2004.

[3] Monty Denneau. Personal communication, February
2004.

[4] Jaswinder Pal Singh David E. Culler and Anoop
Gupta. Parallel Computer Architecture, a Hard-
ware/Software Approach. Morgan Kaufmann, 1998.
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